Introduction
Conjectures on the intersection of an irreducible closed subvariety X of a semi-abelian variety S, both defined over C, with the union of all algebraic subgroups with restricted codimension were stated independently and in somewhat different form by Zilber [27] and Pink [17] . The following statement would be a common consequence of these conjectures: Conjecture 1. Let X be an irreducible closed subvariety of a semi-abelian variety S, both defined over C. If X is not contained in a proper algebraic subgroup of S, then the set of points in X(C) contained in the union of all algebraic subgroups of S with codimension at least 1 + dim X is not Zariski dense in X.
In fact both authors stated stronger conjectures. Zilber conjectured a finiteness statement for subvarieties that are contained in an improper intersection of X with an algebraic subgroup of S. Pink was motivated by a more general conjecture in the context of mixed Shimura varieties. He also showed that Conjecture 1 implies the celebrated Mordell-Lang conjecture.
An important precursor was set in 1999 by Bombieri, Masser, and Zannier [3] who proved the following result for an algebraic curve C embedded in the algebraic torus G n m , not contained in the translate of a proper algebraic subgroup, and defined over Q, an algebraic closure of Q: the set of algebraic points of C which are contained in the union of all algebraic subgroups of codimension at least 1 has bounded absolute Weil height. They then used their result to show that there are only finitely many points on C contained in the union of all algebraic subgroups of codimension at least 2.
Mathematics Subject Classification (2000) : 11G50 (primary), 14K15, 14G40, 14J20 Later, they conjectured (bounded height conjecture [4] ) the existence of a height bound in connection with the intersection of an irreducible subvariety of G n m with the union of all algebraic subgroups whose codimension is at least the dimension of the variety. This conjecture and its abelian analogue were only known for subvarieties of small dimension or codimension; further down we will state it more precisely and give a short survey on what is known.
The main result of this paper, the bounded height theorem stated below, is a proof of this conjecture in the case where G n m is replaced by any abelian variety defined over Q. We also show two corollaries which imply finiteness, the second of which shows that Conjecture 1 holds for generic subvarieties of an abelian variety with complex multiplication when all data is defined over Q.
For a semi-abelian variety S defined over C and an integer s with s ≤ dim S we define
where the union is taken over all algebraic subgroups of S with codimension at least s. If s > dim S we set S [s] = ∅, the empty set. For example by Bombieri, Masser, and Zannier's result C(Q) ∩ (G n m ) [1] has bounded height
is finite. Before we state the main result we shall define a natural subset of X for which we will be able to prove the height bound. For an integer s we define X oa, [s] to be X(C) deprived of all Y(C) where Y ⊂ X is an irreducible closed subvariety such that there exists a coset H, i.e. the translate of an algebraic subgroup of S, with Y ⊂ H and
. These so-called anomalous subvarieties were essentially introduced by Bombieri, Masser, and Zannier [4, 6] 
X,an ). This result is not used in the proof of our main result below. In special cases, X oa, [s] is easy to determine. If s ≤ dim X − 1 then X oa, [s] = ∅ (at least if dim X ≥ 1); indeed one may take H = S and Y = X. For sufficiently general X one expects that X oa is non-empty and hence Zariski dense. We will not make this statement precise, but a criterion is given in Corollary 2. In the other extreme we always have X oa,[dim S] = X. Finally, if X is a curve, then X oa,[s] = ∅ if and only if X is contained in a coset of codimension at least s and X oa,[s] = X otherwise. For general semi-abelian varieties one could conjecture that if S and X are both defined over Q and after choosing a suitable height on S(Q) then
